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he purpose of this article is to

analyze the variability in wealth

outcomes of an actual private

market portfolio and then express
the results in terms directly comparable to
the principal risk measure used in the pub-
lic markets, viz. the variability of periodic
value as expressed by its standard deviation.
The method we use to calculate the peri-
odic standard deviation is necessarily com-
pletely different from the conventional
public market computation. Although the
standard deviation of a typical private mar-
ket portfolio is measurable directly, just as it
is in the public markets, such a straightfor-
ward computation may understate, perhaps
radically, the actual risk inherent in the pri-
vate markets.

This potential for an understatement
of the risk inherent in private market invest-
ing arises because private market values are
determined either by appraisal or by refer-
ence either to cost or to a round of financing
incorporating outside investors (assuming no
public float). Even those private market val-
ues determined by reference to the public
markets, because of a public float, are often
discounted arbitrarily to approximate the cost
of their characteristic illiquidity. Thus, pri-
vate market values may show on investors’
books as constant or nearly constant over a
relatively extended period of time and the

standard deviation of periodic value therefore
may be unrealistically low as a risk measure.

A number of commentators, analysts,
scholars, consultants, and investment firms
have attempted to solve this same, seemingly
intractable, problem: how to quantify risk in
private markets that are notorious for pricing
stickiness. For example, there have been sev-
eral studies of the risk/return characteristics
of the private markets that infer the risks by
marking private equity transactions to mar-
ket by comparison to the values of similar
public companies.! Others, including The
Frank Russell Company and Richards &
Tierney, have conducted research along the
same lines. Merrill Lynch has produced an
index of small public stocks intended to
emulate the risk characteristics of private
investments.” All these studies use one or
another indirect methods for estimating pri-
vate market risk by using various public
market multiples to infer the values of pri-
vate market transactions.

What is needed, instead, is a direct
computation of private market risk. The
method developed in this article is based on
the fact that, while periodic valuations may
be sticky and thus suspect, final investment
outcomes are just that — final. Using the
equations derived in Appendix A to analyze
the spread of private market portfolio out-
comes, it is possible to calculate the peri-
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odic risk required to generate such a spread — by
working backwards from the known outcome to the
unknown interim fluctuations in value that resulted in
that outcome.

As a way to introduce this analytical point of
view, begin with an absurd (but instructive) example of
using outcomes to judge statistical dispersion: a shotgun
blast. Exhibits 1 and 2, compare two different shot pat-
terns (looking sideways at a shotgun fired twenty feet
into a wall).

Which shotgun do you think has the shorter
barrel? The obvious answer, whether derived from
watching movies or from some more practical experi-
ence, is the one in Exhibit 2. How do we instinctively
know this to be true? A shorter barrel controls the shot
for a shorter span of time, thus the shot pattern in
Exhibit 2 is likely to express randomness in a more
exaggerated fashion than the shot pattern of the longer,
more-constrained barrel.

In much the same way, individual investments in
a stock portfolio tend to express greater randomness

ExHIBIT 1

EXHIBIT 2
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when they are less-constrained — 1i.e., assuming no or
low correlation, their terminal values exhibit greater dis-
persion when they are allowed to accumulate risks over
time. However, O, the average standard deviation of
the portfolio return, declines over time as shown in

Exhibit 3, because:

= 1
= n (1

where n is the number of time periods.

Assuming that 6 = 0.211 and r = 0.099, the
decrease in ©; over time results in what appears to be
decreased risk to the long-term return of the portfolio,
as indicated in Exhibit 4.

While the standard deviation of the portfolio
average return declines over time, the terminal wealth to
the investor, as indicated by the following equations,’
continues to diverge over future time periods:

Wiy = (1+1) (140 )’ @)

m:

indicates the upper range of terminal wealth, where r is
the periodic rate of return and n is the number of peri-
ods, while

W =ﬁi 3)

min n
(1 + G;)

indicates the lower range.

As depicted in Exhibit 5, these two equations
taken together describe the relationship of final wealth to
original investment over a ten-year time period, a rela-
tionship characterized by increasing risk as expressed by
the uncertainty of the outcome.

These equations depicting final wealth are built
upon the assumption that the risk of a portfolio over
time can be expressed interchangeably as the periodic
risk o, as the average risk over the time period O, or
as the probable spread in terminal wealth over the invest-
ment’s time horizon. Because of the interrelationships
among these equations and their common assumptions,
it is possible to view risk backwards, as it were, inferring
from the spread in outcomes (in terms of final wealth)
what the periodic risk of the portfolio must have been.
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By a) solving these two equations for r, setting
them equal to each other, and then solving for c-, and
b) solving these two equations for O, setting
them equal to each other, and then solving for r, we
can determine the relationship between the spread of
wealth outcomes over time and the periodic risk as fol-
lows (see Appendix A for a detailed derivation):

21\}1 Wmax / Wmin —l=r (A)
2nV Wmax / Wmin -1= C; (B)

In using these two equations, it is important to
keep in mind that the wealth amounts involved are
those within one standard deviation of the expected
value of the terminal wealth of the portfolio, asset class,
industry specialization, etc., being analyzed. Thus, the
initial analytical task is to determine the mean return-
multiple, as well as the standard deviation of the return-
multiple, at the time horizon of interest.

Because investment returns must somehow be
reinvested in order to understand the provenance of the
terminal wealth, the analyst must assume reinvestment
in some a vehicle that is sufficiently liquid for the pur-
pose. (We assume a reinvestment in the S&P 500 index.)

NUMERICAL EXAMPLE:
1989, A VINTAGE YEAR

Exhibit 6 contains the spread, in multiples of

investment returned, of a portfolio of nine investments
made in the 1989 vintage year. The multiple shown in

EXHIBIT 6

ID Multiple
777 13.29
767 9.29
765 5.75
718 5.60
759 553
775 3.81
763 3.63
757 2.55
740 1.35
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this exhibit signifies the terminal wealth accruing to each
dollar employed in the investment, assuming that all dis-
tributed returns from each investment are invested in the
S&P 500 and then rolled forward to the terminal point.
There are nine annual periods from 1989 to 1998, so n
= 9. The mean multiple is 5.64, the standard deviation
is 3.45. The maximum and minimum wealth in the
equations above are at the one G level (i.e., with a prob-
ability of 68%), which means that the maximum for pur-
poses of our analysis is 5.64 + 3.45 = 9.09, while the
minimum is 5.64 — 3.45 = 2.19.

It is extremely important to note that the multiples
shown in Exhibit 6 are in effect equally weighted. In fact,
these investments were (and are) not at all equally
weighted, which is why the actual portfolio return is not
equal to the return calculated by our Equation (A).*
Putting all investments in the portfolio on an equal footing
however, makes clear the contribution of each to the vari-
ability of return, which is the purpose of the calculation.

The calculation of the implied portfolio return is
a straightforward application of Equation (13) in
Appendix A to this data, as follows:

ZnV vvmax / Wmin -1=r thus

189.09%x219-1=r

and r = 18.08%.

In the same fashion, the calculation of periodic
portfolio risk involves substituting the facts above into
equation B and then using the result as input into
Equation (1):

W /W 1=r thus

max min

Referring to Equation (1), 0 = \/;G; , we obtain ¢ = 3
x 8.23% = 24.68%. Thus, the Sharpe (or information)
ratio implied by these calculations is 18.08%/24.68%
= (.7325.

It is extremely interesting to note that the equiv-
alent long-term Sharpe ratio for the S&P 500, according
to Ibbotson and Sinquefield’s 1987 study, is 12.0%/
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21.1% = 0.5687.> Given our private market portfolio’s
superior Sharpe ratio, and assuming that it is represen-
tative of the analyst’s experience, and it has a low cor-
relation with the S&P 500, these results seem to lead to
the conclusion that optimal asset allocation should
include a significant investment in the private markets.

Using the example risk/return parameters calcu-
lated earlier in conjunction with the parameters con-
tained in the Ibbotson and Sinquefield study of
long-term market returns for both stocks and bonds,
one could infer that the exact level of correlation
between the public and private markets may be close to
irrelevant. An empirical test of these example
risk/return parameters, using all possible combinations
of allocations among stocks, bonds, and private markets
investments in 10% increments, reveals that the
Markowitz frontier is dominated by the private market
asset class whether the private market’s correlation with
the public market is high, low, or zero.

Consider the efficient frontier shown in Exhibit
7, which is calculated assuming that the correlation
between the private market and the public market is the
same as the Ibbotson and Sinquefield calculation of the
correlation between large-cap stocks and small-cap
stocks: i.e., r = 0.82. This implies that R? = 67%,
meaning that movements in large-cap stocks describe
67% of the movement in small-cap stocks.

The Exhibit 7 datapoint labeled “Best Sharpe”
represents an asset allocation of 0% large-cap stocks,
70% bonds, and 30% private equities. While the associ-
ated portfolio return of approximately 8.9% might be
unacceptably low for most institutional investors, the
datapoint associated with a more robust long-term port-
folio return of 15.4% utilizes an asset allocation of 0%
large-cap stocks, 20% bonds, and 80% private equities.

The Markowitz frontier in Exhibit 8 assumes a
much lower correlation coefficient between large-cap

EXHIBIT 7
The Markowitz Frontier (Highly Correlated)

Best Sharpe: 0/70/30 All Private Equities
20.000% L 0/20/80 et
10.000% ;zf‘e'r'i"?' el 4
0.000% " All Bonds
0.000%  10.000%  20.000%  30.000%
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EXHIBIT 8
The Markowitz Frontier (Poorly Correlated)

Best Sharpe: 10/60/30  All Private Equities
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stocks and private equities of r = 0.4 (implying that 16%
of the movement in private equity values can be
explained by movement in the prices of large-cap
stocks). This exhibit makes it clear that the effect of cor-
relation on asset allocation is minimal, since the best
Sharpe ratio of a poorly correlated portfolio implies a
portfolio return of 9.4%, resulting from an allocation of
10% large-cap stocks, 60% bonds, and 30% private equi-
ties. An asset allocation of 20% large-cap stocks, 10%
bonds, and 70% private equities results in a portfolio
return of 15.4% (thus outperforming the long-term S&P
500 index by approximately 540 basis points).

Finally, the Markowitz frontier depicted in
Exhibit 9 is calculated with the assumption that large-cap
stocks and private equities are completely uncorrelated
(i.e., r = 0, implying that none of the movement in pri-
vate equity values can be explained by price movements
in large-cap stocks). This exhibit can be interpreted as
follows: if private market returns are uncorrelated with
the conventional asset classes, the best Sharpe ratio results
in a portfolio return of 9.9%, which is associated with an
asset allocation of 20% large-cap stocks, 50% bonds, and
30% private equities. A portfolio return of 15.6% results
from an asset allocation of 30% large-cap stocks, 0%
bonds, and 70% private equities.

EXHIBIT 9
The Markowitz Frontier (Uncorrelated)

Best Sharpe: 20/50/30  All Private Equities
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EXHIBIT 10

Correlation Best Sharpe Approx. 15% Return
High 0/70/30 0/20/80
Poor 10/60/30 20/10/70
None 20/50/30 30/0/70

Exhibit 10 summarizes the effect on optimal
asset allocation assuming 1) a risk/return profile for pri-
vate equity as stated above, 2) risk/return profiles for
large-cap stocks and bonds as detailed in the 1987
Ibbotson and Sinquefield study, and 3) the correlation
of large-cap stocks and private equities assumed in
Exhibits 7, 8, and 9.

Given these assumptions and calculations, the
correlation of the private markets and large-cap public
stocks is essentially irrelevant to the percentage allo-
cated to the private markets needed to attain the high-
est Sharpe ratio — and it is nearly so when the
investment objective is simply to achieve a 15% portfo-
lio return.

SUMMARY

From the chief investment officer’s perspective
our Equations (A) and (B), as derived in Appendix A,
are potentially extremely useful because they make it
possible to estimate the periodic risk of a private
investment portfolio (as expressed by ©) based on the
actual outcomes of its investments. Better knowledge
of risk, in particular the ability to assess risk in the
private market context in a manner directly compara-
ble to risk assessment in the public markets, should
enable one to make better asset allocation decisions
and thus to earn better returns for a given portfolio
risk profile. The examples we provide imply that this
may be true even if the problem of determining the
correlation between the public and private markets
proves to be intractable.

From the portfolio manager’s perspective, it
should be possible, given a particular spread in out-
comes in the portfolio of an investment manager, to
determine the periodic portfolio risk implied by that
spread, the effective portfolio return, and the resulting
Sharpe ratio. By comparing the Sharpe ratios of various
investment managers (possibly grouped by asset class,
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time period, industry specialization, size, etc.) it should
be possible to determine which track records are evi-
dence of prudent levels of risk and which are the result
of good fortune. It should also be possible to compare
the risk/return characteristics of private equity managers
with those of public stock managers on an apples-to-
apples basis.

It is important to note, however, that there is one
important caveat in using this article’s method for calcu-
lating periodic risk. Like all statistical methods, insuffi-
cient data points can result in incomprehensible or
clearly erroneous results. The determination of how
many data points are required for meaningful results will
be the subject of a future article.

APPENDIX

Expressing Equation (2) as a log transformation, the
upper boundary of terminal wealth in time period n can be
expressed in log terms as:

In W, =nln(1+1)+nln(1+0;) (A-1)
Factoring and solving for ¢: in (A-1), we obtain
InW,_ . = n.[ln(l + r) + ln(l + G;)] (A-2)

which can be expressed as

InW,_..
n

~In(1+r) = In(1+0;) (A-3)

Expressing Equation (3) in log terms, the lower
boundary of terminal wealth in time period n can be expressed
and simplified as:

InW_ ;. =nln(1+r)-n].n(1+0‘;) (A-4)
which can be simplified to
InW,_, = n[ln(l + r) - ln(l + 6;)] (A-5)

and then expressed as

InW_.
— (A-6)

In(1+0;) = In(1+1) - -
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Since we have two equations solved for In(1 + o;),
we can compute r, given W __ and W__. . by making
the two equations equal and solving for r as follows:

InWo _ _InW, i
—= In{1+1)=In(1+r) — o (A-7)

ln.‘x-[max B"__Wmm -

e — 2In(1+1) (A-8)
1

:(anmx + anmin) = ln(l + r) (A-9)

thus, solving for r, we conclude:

oW, W —1=r (A-10)

Similarly, to determine ©:, we must first solve the
W .. and W_. equations for r, then make the resulting
equations equal and solve for o . First, solving Equation (3)
for r we obtain:

W N i
" In(1+6;) = In(1+1) (A-11)

Solving (A-6) for r we obtain

%Hn(ua;): In(1+1) (A-12)

n

Making Equations (A-11) and (A-12) equal, we can
solve for o;:

In W A InW . _
— = 1n(1+0'r)-—n - +]n(1+cr) (A-13)

InWo  InWoin _ ) _
= - 2 =21+ (A-14)
Elg(mwm I W,,;,) = {1 +0;) (A-15)

thus, solving for o; we obtain:

—_——

2w /W -1=o0; (A-16)
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ENDNOTES

!See Gompers and Lerner [1997].

2See Gallante [1993].

*Equations (1), (2), and (3) are from Bodie, Kane, and
Marcus [1989, pp. 849-850], which cite Merton and Samuel-
son [1997].

4*Another important measure of success in a private
investment portfolio is an actual return in excess of the return
predicted by the equations derived above. An actual return in
excess of the predicted return indicates that more money was
actually invested in the more successful investments, indicat-
ing a positive relationship between the portfolio manager’s
selections and the overall return. In other words, in terms of
performance attribution, the portfolio manager’s asset selec-
tion contributed positively to the outcome.

SAssumes the arithmetic average return of the S&P
500 from 1926 to 1987. The outcome, assuming the time-
weighted rate of return of 9.9% over the same period, is a
Sharpe ratio of 0.4714.

REFERENCES

Bodie, Z., A. Kane, and AJ. Marcus. Investments. Boston:
Irwin, 1989.

Gallante, Steven. “Merrill Weighs in with Its Own Index for
Private Equity.” Private Equity Analyst, 5 (August 1993), p. 1.

Gompers, Paul, and Josh Lerner. “Risk and Reward in Pri-
vate Equity Investments: The Challenge of Performance
Assessment.” Journal of Private Equity, Winter 1997, p. 5.

Merton, R.C., and Paul A. Samuelson. “Fallacy of the Log-
Normal Approximation to Optimal Portfolio Decision-Mak-
ing Over Many Periods.” In I. Friend and J. Bicksler, eds.,
Risk and Return in Finance, Volume I. Cambridge, MA:
Ballinger Publishing Co., 1977.

THE JOURNAL OF PRIVATE EQUITY 69



